Recently the hierarchical defect substructures were observed experimentally in several metals and alloys before and after fracture. The general models of crystal defect aggregation with appearance hierarchical defect substructures are proposed and considered in the wide range of scales. Their general group analysis is performed, and symmetries of the governing equations are identified. The models of defect aggregate growth are considered for several partial cases and compared with classical Lifshitz-SlyozovWagner theory of coarsening, Leyvraz-Redner scaling theory of aggregate growth, etc. The reduced equations of new models are generated and solved, and the general scaling solutions are given. The results obtained are illustrated by preliminary simulations.
Introduction
In materials science the fractured surfaces demonstrate the self-affine geometry on many scales (see, for example, from earlier works on metals after plastic deformation [1, 2] to recent results on high-strength low-alloy steels after bending-torsion fatigue [3] , fracture roughness and toughness of concrete [4] , discrete nature of crack propagation to the fractal geometry of the crack [5] , etc.). Moreover, the fractal analysis of fractured surfaces by projective covering and box-counting method shows that the fractured surface can be depicted not only by one fractal dimension, but also by multifractal spectrum [6] . At the same time, surface roughness profiles of periodically deformed Al [7, 8] , slip line morphology in Cu [9] [10] [11] , and dislocation patterns in Cu after tensile [12] also demonstrate the self-similar features on many scales. Several models and theories were proposed to describe and explain the scale-invariant behavior of crystal defect aggregations that possibly lead to self-affine geometry of fractured surfaces [13] . For example, the statistical model of noise-induced transition from homogeneous dislocation arrangements to scale-invariant structure with hyperbolic distribution was proposed recently [12] .
The hierarchical defect substructures that were observed experimentally in deformed metals and alloys appear as a result of some aggregation processes among solitary crystal defects. Many aggregation phenomena in other physical processes take place by exchange of solitary agents (particles) between their aggregates (clusters): phase ordering [14] , atom deposition [15] , stellar evolution [16] , growth and distribution of assets [17] , and city population even [18] . In such aggregation processes particles can leave one cluster and attach to another. Usually these exchange processes are described by an exchange rate kernel (, ) Kij, i.e. the rate of transfer of particles from a cluster of size i (detaching event) to a cluster of size j (attaching event). Generally, the rate of monomer particle exchange between two clusters depends on their active interface surfaces that are dependent on their sizes, morphology (line, plane, disk, sphere, fractal, etc), probability of detaching and attaching events, etc.
Sometimes there is the preferable direction for exchanges, i.e. with asymmetric exchange kernels, (, ) ( ,) KijKji ≠ , like in coalescence processes in Lifshitz-Slyozov-Wagner theory [14] , where big clusters "eat" smaller ones. The exchange rate kernel (, ) Kij is defined by the product of the rate at which particle detach from a cluster of size i and the rate at which this particle reach another cluster of size j . In Leyvraz-Redner scaling theory of aggregate growth [18] 
where (, ) Kij is the exchange rate. That is, monomer particle (one person) leaves some of cities i A of population i and arrive to some of cities j A of population j . This can be considered as generalized rule for the theory of growth and distribution of assets [17] , if one can assume that i A are persons with asset volume of i .
Below the idealized general model of aggregate growth is proposed on the basis of this approach. The main aim of the work is to find the most profound features of aggregation kinetics, and factors that can influence the self-affine nature of the aggregating system of solitary agents (particles) and their aggregates (clusters). In this context, the numerous complex details of the real crystal defect aggregation processes will be hidden behind the idealized and simplified conditions only to emphasize the most general precursors of scale-invariant behavior of such complex systems.
The general model
Here detaching and attaching processes are considered separately that in the general case could be characterized by different rates. Consequently, the different detach product kernel activation of detaching and attaching processes, n is the number of particles in a cluster. In natural processes d k is usually determined by energy barrier for detachment from cluster and a k -by probability for attachment of migrating particle to another cluster which in turn determined by kind of migration (instant hops from cluster to cluster, ballistic motion, random walking, or their combinations). 
( )
The general model is based on the assumption that the migration time (movement of a particle from one cluster to other) is much lower than the detachment (or attachment) time of a particle from (to) a cluster. It should be taken into account that the more consistent system of evolution equations and more realistic coupling between migration and detachment (attachment) times should be used for rigorous comparison of this general model and the aforementioned natural processes.
Transformation to the general Fokker-Planck equation.
In an asymptotic regime of high values of n we can get
That is the one-variable Fokker-Planck equation in general form with time-independent drift ( )
coefficients [19] . The main difference between this formulation and other well-known models is that here the more general scenario with detaching and attaching as separate events is taken into account that allows us to express explicitly the availability of drift and diffusion terms. Moreover, it will allow to bring to light the common symmetry properties and propose the ways to find the exact non-stationary solutions (see below). Scaling ansatz for some partial cases . It is relatively easy to show that for da kk = the one-variable .
It allows us to reduce (Eq. 3) and analyze its properties in some partial cases which are of great interest in the context of their practical applications to description of the aforementioned natural processes [1, 4, 5] .
No drift: equiprobable exchange by monomers. The case da kk = corresponds to the equiprobable activation of detaching and attaching processes and it means the absence of the drift term. For example, in coalescence processes in Lifshitz-Slyozov-Wagner theory [14] the equiprobable activation of detaching and attaching processes is provided by the equality between the rate of evaporation from cluster and the probability to reach another cluster. In Ispolatov-Krapivsky-Redner model of asset exchanges [17] it corresponds to the equal probability for some agent to give or get some assets. In Leyvraz-Redner scaling theory of aggregate growth of city population [18] it corresponds to equal probability for a person to departure from a city and to arrive to another city.
Minimum active surface (singularity).
The case 0 α = corresponds to the clusters with the minimum active surface ("singularity'" of the active surface), namely for clusters with constant numbers of active particles independent of the whole number of particles n in it. For example, ends of line cluster can be its 2 active points for detaching and attaching. Such configurations take place in queues (2 active points), stacks (1 active point), etc. In the context of plastic deformation of metals, "pile-up" aggregation of dislocations of regular crystalline structure can be depicted by this scenario (see Fig. 1 ) [20] . 
In the reality da kk ≠ , and the aggregation process is described by the homogeneous heat equation with space-independent drift and diffusion coefficients. It is well-known fact that it leads to "a diffusive-like kinetic universality class" [20] . Maximum active surface. The case 1 α = corresponds to the clusters with the maximum active surface, namely for clusters where any particle could be detached and free particle could attached to any place. In solid state physics, "wall" aggregation of dislocations of regular crystalline structure can be depicted by this scenario (see Fig. 2 ) [20] . In Leyvraz-Redner scaling theory of aggregate growth of city population [18] it corresponds to linear dependence of arrival or departure rates as a function of city population. Similarly, in Ispolatov-Krapivsky-Redner model of asset exchanges [17] it corresponds to linear dependence to give or get some assets as a function of the whole volume of assets for some agent. For periodic tensile deformation again one can assume that da kk = , and it corresponds to the equiprobable activation of detaching and attaching dislocations from opposite sides of wall and it means the absence of the drift term in (Eq. 3). Finally one can get ( ) .
Intermediate active surface. The case 01 α << corresponds to the clusters with the bulk volume of particles shielded by active surface. For example, circumference of disk, perimeter of fractal, outer layer of sphere can be the correspondent active surfaces for detaching and attaching. In solid state physics, such configurations take place in regular arrangements (compact like voids and spare like fractals) of point-like defects of crystalline structure [20] . 
Symmetry analysis
∂ =−− ∂ .(8)
On possibility to calculate exact non-stationary solutions. The normalized form of Fokker-Planck equation (Eq. 8) is actually Schrödinger equation with potential ()
Vx, which for the case (I) [21] should have quadratic potential. It can be easily analyzed by the standard procedures [23] , for example the Green function can be calculated for all aforementioned theories, from which the non-stationary solutions with arbitrary initial condition can be obtained, if the initial and boundary conditions will be strictly formulated [20] .
In the view of the possible transformations (Eq. 4) and (Eq. 7) (that are dependent on morphology of clusters, active surface, and geometry of neighborhood) the different set of solutions are possible. That is why their scaling (if it is available) in the aforementioned theories (in an asymptotic regime of high values of n) is highly dependent on geometry and morphology of clusters, and kind of migration (ballistic, diffusive, arbitrary) which are very important for estimation of the effective active surface [20] .
The amazing fact is the afomentioned transformations lead to Schrödinger equation (Eq. 8) that has the same extended group (up to local isomorphism) as "free Schrödinger equation" with ()0 Vx= [24] . It sufficiently simplifies the scaling analysis and calculation of exact non-stationary solutions f or aforementioned theories.
Illustrative simulations of several primitive models
The two aforementioned primitive models of cluster aggregation were simulated by Monte Carlo method to illustrate the different cluster distributions in different aggregation kinetics. Several initial configurations of 10 5 particles were used in simulations: (A) all solitary particles, i.e. 10 5 "clusters" with 1 particle in each of them; (B) 10 4 clusters with 10 particles in each of them; (C) 10 3 clusters with 10 2 particles in each of them. Model 1 -m inimum active surface (singularity). It corresponds to "pile-up" aggregation of dislocations in crystals (see Fig. 1 ) with da kk ≠ . The kinetics of rearrangements from three initial configurations is shown in Fig. 3 . After some transition regime the broad peak appears, which corresponds to the average cluster size <N> (i.e. the mean number of particles in each pile-up) appears. Despite the different initial configurations after some time sweeps the initial "singular" (like Dirac delta function) distributions evolve to similar distributions with broad peaks (Fig. 3) . Model 2 -maximum active surface. It corresponds to "wall" aggregation of dislocations in crystals (see Fig. 2 ). The kinetics of rearrangements from initial configurations is shown in Fig. 4 ) as a function of time steps, that corresponds to the scaling behavior predicted by (Eq. 5). Despite the deceptive term "average cluster size", the initial "singular" configurations of walls after some time sweeps evolve to scale-free distributions (Fig. 5) , that is different from pile-up distributions with broad peaks for the same time. That is why "average cluster size" notion seems to be meaningless for this kind of distributions without distinctive peaks.
That is why in practice to estimate the level of hierarchy of defect substructures and related scale of damage it is necessary to measure not only the integral "averaged" characteristics of defect ensembles (spatial density, average size, etc.), but also to define more specific characteristics, related with their size distribution, spatial distribution, time evolution, etc. For example, scaling analysis of experimental defect aggregates distributions will allow to determine their intrinsic symmetry and bring to light the corresponding aggregation scenario. It should be noted that to the moment some details of the simulation process cannot be compared directly with the theoretical results for large n and t because simulations were carried out for relatively low number of aggregating particles (<10 6 ) and in the limited time range (<10 4 steps). That is why the bigger simulations are under way now to check the exact solutions and make more reliable conclusions [20] .
Summary
The idealized general approach to characterize defect aggregate growth was proposed that allowed to find the scaling characteristics of some aggregation scenarios. Some factors that can influence the self-affine nature of the aggregating system of solitary agents (particles) and their aggregates (clusters) were brought to light: the rate of monomer particle exchange between two clusters, cluster geometry, cluster morphology, and kind of migration (ballistic, diffusive, etc.) of monomer particles. It was shown that the simplified aggregate growth can be described by the one-variable Fokker-Planck equation in general form with timeindependent drift and diffusion coefficients. In some aggregation scenarios it is invariant under any stretching transformations of independent and dependent variables (one-parameter dilation group). It could be transformed to the equivalent heat equation without changing the symmetry properties of the original equation, and then it could be transformed to the Schrödinger equation. This means that Green functions can be easily calculated, from which the non-stationary solutions with arbitrary strict initial and boundary conditions can be obtained. From the practical point of view the scaling analysis of experimental distributions of defect aggregates will allow to determine their intrinsic symmetry and bring to light the corresponding aggregation scenario.
